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1 Introduction 

A classical problem in the theory of minimal submanifolds of Euclidean spaces is to study the 
existence of a minimal submanifold with a prescribed behavior at infinity, or to determine from 
the asymptotes the geometry of the whole submanifold. Beyond the intrinsic interest of these 
questions, they are also of crucial importance when studying the possible singularities of mini- 
mal submanifolds in general Riemannian manifold. When studying minimal surfaces, i.e. two 
dimensional submanifolds, the standard tool to solve these problems is given by the Weierstrass 
representation formula which relates the geometry of the minimal surface to complex analytic 
properties of holomorphic one-forms on Riemann surfaces. Recently, gluing technics have been 
developed and have provided an abundant number of new examples of minimal hypersurfaces in 
Euclidean space. 

For higher dimensional minimal submanifolds such a link clearly disappears and no complex 
analysis can be put into play. While, gluing technics have been extensively used in the study of 
minimal hypersurfaces, they have not been adapted to handle higher codimensional submanifolds. 
The aim of this paper is to use a gluing technique for minimal submanifolds to make a step towards 
the understanding of these questions in arbitrary codimension. We will restrict ourselves to the 
case of real n-dimensional submanifolds of C". There are two main reasons for doing so. The first 
one is technical: when trying to desingularize the intersection, for example, of a pair of n-planes, 
which give the desired asymptotic behavior, one needs a model of a minimal submanifold with 
this behavior at infinity, to rescale and to glue into the pair of planes where a neighborhood 
of the intersection is removed. This local model needs to be sufficiently simple to allow a very 
detailed study of the linearized mean curvature operator. In our situation this is provided by a 
generalization of an area minimizing submanifold found by Lawlor in Q, while in more general 
cases such an example is not known. The second reason is that among minimal n-submanifolds of 
C" there is a special family, namely the special Lagrangian ones, which are of great importance 
in a variety of geometric and physical problems (see, for example, [Q, ||^ and [p^). 

To better describe our result let us first observe that for minimal surfaces in graphs of 
meromorphic (or anti-meromorphic) functions are enough to answer some the above questions. 

For example, given zi, . . . , G C all distinct and ai, . . . , ak G C , the surface which is the 
graph of 

z£C\ {zi, ...,Zk} >ai{z- zi)-^ + ... + ak{z- Zk)^^ e (1) 

is a complete embedded minimal surface with fc -f- 1 ends. 
When fc = 1 we get the usual hyperbola 

zeC\{0} — >{z,z-^)eC\ 

which can be seen as the two dimensional element of the following family of n-submanifolds. 
Hi, of C", 



For any n, Hi is a complete special Lagrangian (and therefore minimal) submanifold of C" 
with two ends § and §. 

Observe that, for any TZ E 0{n), we can define H-ji the n-submanifold of C" which is param- 
eterized by 

(0,-)x S"-^ 3 (s,e) — > -{coss& + ismsTZ{e)) E C". 

V n/ (sin(ns))^r 

This is still a minimal submanifold of C", since ( ^ ) belongs to 0(2n). However, 



^ n ^ 

given the complex structure in M^" induced by the identification of M^" with C", it fails to be 
Lagrangian, except when TZ^ = I. 

In this paper we prove the existence of minimal embedded n-submanifolds having fc + 1 ends 
which, in some sense are the high dimensional analogues of the surfaces described by (^. Consider 
the "horizontal" 7i-plane 

Ho {a; e C" : a; e M"} 
and, for all j = 1, . . . , fc, consider the n-planes 

Tlj := I (xj + cos - X + z sin - Uj G C" : a; G R"| , 

where a;i, . . . , a;^ E M" and TZi, . . . , TZk E 0{n) are fixed. We further assume that all xj are 
distinct. One property of this set of planes is that, than all angles between the planes Hg and 
Hj, are equal to ^. We refer to Q for a definition of the angles between pairs of n-planes in C". 

We set 

^ ^ ~ ^j' 

if j 7^ j' and we define the k x k matrix T := {"fjj' by jjj = for all 7 = 1, . . . , fc and 

\Xj — Xj/ I J 5„-l 

for all j j'. 

Finally, for any Aq E Af„(K), we define for all j = 1, . . . , fc 
and A := (Ai, . . . , A^). 

In order for the desingularization to be possible, we will do the following assumptions : 

(HI) vj^/, iim {I ^nj,'n,) 

(H2) The matrix F is invertible 

(H3) A e (0,+oo)'= 

These assumptions will be commented in the next section. We can now state the main result 
of the paper 
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Theorem 1 Assume that n > 3, and {HI), {H2) and (-ffS) are fulfilled. Then, the set of n- 
planes Ho, . . . ,11^ can be desingularized to produce a complete, embedded minimal n-dimensional 
submanifolds o/C" which has fc + l planar ends. This minimal n-submanif old is of the topological 
type of a n-sphere with fc + 1 punctures and has finite total curvature. 

More precisely, there exists £q and for all e G (0, Eq) there exists a n-dimensional subman- 
ifold of C" such that 

(i) For all e € (0, Eq), is embedded and minimal. 

(a) For all £ £ (0,eo), has fc + 1 ends, which, up to translations, are given by IVj, for 
j = 1, . . . , k and {x + ieAQx\x£ M"}. 

(Hi) As £ tends to 0, converges, away from {xi, . . . ,Xk}, to u'^^qHj in C°° topology. 

(iv) For all j — 1, . . . , k, the resettled submanifold e^^/" (E^ — Xj) converges to aj H-ji., where 
("1, ■ • ■ ,afe) = r^^A. 

If {HI) — {H3) are not fulfilled it is still possible to desingularize Uj^qUj. However, this time 
we only obtain a minimal submanifold which is not embedded. 

More generally we should remark that not every configuration of planes and points can be 
obtained as limit of families of immersed minimal submanifolds. For example, Ross proved 
that a minimal two sphere with two punctures minimally immersed in with two simple planar 
ends has to be holomorphic, thus giving a severe restriction on the planes. 

A number of questions arise naturally form the above result. In first place it would be inter- 
esting to know whether conditions {HI) — {H3) are also necessary for such a desingularization to 
exist. It is easy to check that {HI) is necessary and we believe that {H2) and {H2) should also 
be necessary conditions, at least when restricting the topological type of the minimal submani- 
folds. If this turns out to be the case, since there are special Lagrangian configurations of planes 
which do not satisfy these conditions, it would mean that they cannot be obtained as limits of 
special Lagrangian submanifolds, thus helping to understand the possible degenerations of these 
manifolds. 

Not unrelated is the problem of determining whether one can desingularize a configuration 
of special Lagrangian planes through special Lagrangian submanifolds, possibly leaving free the 
phase of the calibration to change as in iQ. In the case of two planes Lawlor's examples answer 
obviously the question. A. Brown has recently generalized this to the case of the intersection of 
two special Lagrangian submanifolds with boundary. Nothing is known for more than one point 
of intersection. 

Finally, we would like to mention the recent work of J. Isenberg, R. Mazzeo and D. Pollack 
where a technical analysis similar to our is developed. 

2 Comments and examples 

In this section, we give examples of sets of points xi,. . . ,Xk G K", orthogonal transformations 
7^l, . . . ,7^fe e 0{n), and matrices Aq G M„(R) for which {HI), {H2) and {H3) hold. To simplify 
the discussion, let us define 

S := {{xi, . . . , Xfc) G K" X . . . X M" : x-j ^ x^ if j ^ j'}. 

and 

Vt := 0{n) X ... X 0{n) 
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2.1 Comments on the assumptions 

Observe that 

Im (7 - n-J,^ TZj) = Im (7 - TlJ^ 11^), 

so that condition (HI) is symmetric in j and f. Now, as may easily be checked, this assumption 
guarantees that 

Vj^/, n,nn,v=0, 

while Ho n 11^ = {xj} for all j > 0. 

Obviously, the set of {{xj)j, {TZj)j) € S x Cl such that (HI) is fulfilled is an open set which is 
not equal to 5 x 17, since, for example, if / — TZJ,^ TZj is invertible for some j ^ j', then (HI) does 
not hold. Similarly, that the set of {{xj)j, {'R-j)j) & S x Q such that (H2) holds is an open set 
which is not equal to <S x O, since, for example, when all TZj are equal, then F = and hence (H2) 
does not hold. Finally the set of {{xj)j, {TZj)j,AQ) e <S x O x M„(IR) for which (H3) is fulfilled is 
also open. 

In Mn{R) we define the relation ^ ~ ^' if and only if there exists TZ,TZ' G 0{n) such that 

A = nAn' 

Now if An - A'n and if (773) is fulfilled for Ao and (11^)^ e fl then (773) is fulfilled for A'o and 
(7^7^J H')j e n. Hence the set of ^ G M„(IR) such that (7f3) is fulfilled for some {{xj)j, {Hj)j) G 
S X Q only depends on the coset of A in M„( 



2.2 Examples 

When fc = 2, we give some examples for which (HI), (772) and (773) are fulfilled. Without 
loss of generality, we can assume that xi = —X2 '■= e. Let us assume that both orthogonal 
transformations TZi leave e unchanged, that is 

7?.i e = 7?.2 e = e 

Therefore 

e ^ Im(7 - TZ^^ n^) 
and in particular, (771) is always fulfilled for such a choice of TZj. 
We would like to compute 

= 4 / (^1© • 7^20 - n (9 • e) (6 • e)) dO, 

Z J gn-l 

To this aim, decompose R" into the direct sum of E+Q)E^ ® (®i7^i) where E± arc the cigcnspaccs 
of 7?.2 ^ TZi corresponding to the eigenvalues ±1 and all Ei are two dimensional vector spaces on 
which the restriction of T^.j^'T^i is a rotation of angle 9i G (0,7r). Since all these spaces are 
mutually orthogonal, it is easy to compute 




2 
n 



^(l-cos0i)j 



where a;„ := 15" ^|. Hence the matrix F is invertible except when TZi = TZ2- Hence, (772) holds 
whenever TZi ^1^2- Observe that in this case we have 712 < 0. 

Finally it remains to check that it is possible to choose Ao G M„(IR) such that 

\j :=- I AoQ-TZjQde <0, 
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for j = 1,2. To this aim, we define 

L:AoG M„(R) — > A € 

This hnear map is easily seen to be non zero so, either it is surjective or its image is included in 
a one dimensional space. Assume that the latter is true, then there exists a,(3 ^ such that 



a [ AqQ ■ TZiQ de = (3 [ Ao@-n2@de, 



for all Using this equality for Aq = TZi and —T^i, we conclude that necessarily a = ±/3 
and 

/ ni@-n2@de = ±un. 

However, direct computation shows that 

/ UiQ ■ 7^2e de = ujn l l - - dimE_ - - V(l - cos6'i) | 

Since we already know that this quantity is in absolute value strictly less than jS""^! when 
7^ 1^2, this implies that L is surjective and hence i~^(0, +oo)^ is an open nonempty set in 
M„(M). 

To summarize, we have obtained the 
Lemma 1 Assume that e e M", 7?.i,7?.2 € 0{n) are chosen so that 

7?.i e = 7?.2 e = e 

then {HI) holds. If in addition TZi ^ TZ2 then {H2) holds and the set of Aq such that {H3) holds 
is an open subset o/M„(IR). 

3 Definition of the connection Laplacian on the tangent 
and normal bundles 

We define all the operators which will be needed in the subsequent sections. We also recall some 
well known properties of these operators. 

3.1 First order differential operators 

To begin with let us define the connections in the tangent bundle and normal bundle of a m- 

dimensional submanifold M of R". Let V be any vector field on a submanifold M of M-'^ and e 
a tangent vector field on M. We will denote by WeV the full derivative of V along e. 

The connection on the tangent bundle V^, along e, applied to the tangent vector field T, is 
defined to be the orthogonal projection of VgT on the tangent bundle. We will also write 

where [ • Y""' denotes the orthogonal projection over the tangent bundle of M. 

Finally, we define the connection on the normal bundle V, along e, applied to the normal 
vector field V, is defined to be the orthogonal projection of VgiV on the normal bundle. We will 
also write 
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where [ • J"^" denotes the orthogonal projection over the normal bundle of M . 

Let (ei, . . . , Cm) be a local orthonormal tangent frame field. For any function / defined on 
M, we set 

m 

grad^/ := ^(ej/)ej, 
i=i 

and for any tangent vector field T 

ra 

divMT:=^ VIT-e,. 
where (ei, . . . , , e^) is a local orthonormal frame. 



3.2 Second order differential operators 

Given (ei, . . . , a local orthonormal tangent frame field, we can define the Laplace operator 
on M acting on the function / by 



The connection Laplacian on the tangent bundle of M, acting on the tangent vector field T, is 
defined by 

m m 

This is just the trace of the invariant second derivative defined by 
Let us recall the main properties of A]J,j. 

Proposition 1 ^ The operator A]^,j is a negative self-adjoint operator and 



M ' 

M JM 



Here, by definition 



W. 



Finally, the connection Laplacian operator on the normal bundle of A'l , acting on the normal 
vector field N , is defined to be 

m m 

This is just the trace of the invariant second derivative defined by 
Let us recall the main properties of AJ^^. 
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Proposition 2 The operator A^^ is a negative self-adjoint operator and 

M JM 

Here, by definition 

r Up 

" w. 



Observe that all these definitions do not depend on the choice of the local orthonormal tangent 
frame field (ei, . . . , 6^)- 

3.3 Operators of order zero 

The second fundamental form is a section of the bundle T*{M) ® T*{M) ® N{M) defined by 

BvM := V^M^ 

In other words, at any point p G AI , Bp represents a symmetric bilinear map from Tp{M) into 
Np{M). 

Given any local orthonormal tangent frame field (ei, . . . , e^) we define 
This allows to define the linear operator acting on normal vector fields 

4 Differential forms 

It will be useful to translate some of the previously defined operator in the language of differential 
forms. Let ilP{M) denote the space of p- forms on M. We denote by d^ the exterior derivative 

dP : np{M) — > np+^{M) 

and define the operator 

SP : QP{M) — > nP~\M) 

by 

SP = (-l)'i(p+i)+i ^ d* 
where * denotes the usual Hodge operator. 

The Hodge Laplacian on p forms is defined by 

AP ^ ~ {dP~^ SP + SP+^P) . 

Observe that, with this definition, A^* is a negative operator. 
The inner product on ^lP{M) is defined by 



IM 
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Recall that, granted the definition of 6^ , for any p — 1-form uj and any p-form d), we have 

M Jm 
and hence, for any p- forms oJ,oj, we have 

APuj A * w = - / {dPuj A * rfPJ) + SPu A *6PCj) 
M Jm 

We will use the Hodge decomposition Theorem we recall now 

Theorem 2 Let M be a compact submanifold o/M". Then Qp{M) can be uniquely decomposed 
as 

nP{M) = dP-^ nP-\M) ® 6P+^ nP+\M) e HarP{M) 
where HarP{M) is the set of harmonic p-forms. 

One can identify functions on M with 0-forms in the obvious way and, using the metric on 
M, one can also identify tangent vector fields with 1-forms in the following way. Assume that 
we have chosen a local orthonormal tangent frame field (ei, . . . , Cm) on M and that the metric is 
then given hy g — {gij)i j so that 

1 d 



Then to any vector field 



we can associate the 1-form 



V 9jj 9xj 



T = y^Tiei 

3=1 



This identification is coherent with the definition of the inner product on ^1^{M) and on T{M), 
namely, if the vector field T is associated to the 1-form w, we have 

Wnl^iM)--^ I \T?= I c.A*c.:=||c.f 

JM JM 



Granted this identification of vector fields with 1-forms, we can identify A^, the Hodge Lapla- 
cian on 1-forms, with some symmetric second order differential operator acting on tangent vector 
fields. We will still denote by this operator which is now defined on tangent vector fields. 
The relation between this operator and the connection Laplacian on the tangent bundle which 
we have defined in the previous section is given by the following 

Theorem 3 The difference between the Hodge Laplacian on 1-forms and the connection 
Laplace operator on the tangent bundle is given by 

A^ = All - Ric, 

where Ric denotes the Ricci tensor. 
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5 The hyperbola 

The hyperbola Hj in dimension 2 n is parameterized by 



where s G (0, ^) and where 



(sm(ns))^/" (sm(ns))^/" 



e — > 9(0) e 5*^ 



is a parameterization of the n — 1 dimensional sphere. It will be convenient to assume that this 
parameterization is chosen in such a way that 

de^Q-dg,Q^Q if j^k. (2) 



Remark 1 When n = 2, we have the equivalent definition of the hyperbola given by 

zeC\{0} — > (^z, eC^ 

For notational convenient , we will frequently write S instead of S^~^ in subscripts or super- 
scripts. It will also be convenient to identify R^" with C" using 

M" X M" 3 {x,y) ^ x + iy e C". 

With this identification we will write 



X{s 



(sm(ns))^/" 



The tangent bundle. The tangent space of Hi is spanned by the following set of vectors 

„i(l-n)s 



and, for all J = 1, . . . , n — 1 



e 

di^X — ; ; ^ ^ -, , -, . — 

(sin(ns))i+i/" 



e 

^ (sm(ns))^/" 



In order to simplify the notations, we will write for short 

de^ e. 

and we will define the vectors 

eo := 6^(1"")'' e and e-j := e*" 9^ 

so that, thanks to (||), (eo, . . . , e„_i) is an orthonormal basis of T{Hj) at the point X. 
Finally, we define, for all j = 1, . . . , n — 1 

so that, (ei, . . . ,e„_i) is an orthonormal basis of T(5"^^) at the point 9. 
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The normal bundle. The normal space to Hj is spanned by the foUowing vectors 

No :=te^(i-")"e, 

and, for J = 1, . . . , n — 1 

AT. •= je" 

Hence any normal vector field on Hi can be written as 

where / is a real valued function and, for all s S (0, T(s, •) is a tangent vector field on S^~^. 

6 Expansion of the lower end of the hyperbola 

Recall that the hyperbola is parameterized by 

X{s,e) = —^l——@ 
^ ' (sin(ns))i/» 

We set 

cos s 

r : 



(sin(ns))i/« 

We can expand r in terms of s as s tends to 0. We get explicitely 

r = (ns)-!/" (l + 0(s2)) 
Which in turn yields an expansion of s in terms of r, as s tends to 



s=— (l + 0(r-2")) 



Finally, we get the expansion as s tends to 

sins 



^ = — (l + 0(r--)) 



(sin(ns))Vn n 
Hence the hyperbola is parameterized by 

X(r, 6*) = re + i (l + Ofr-^")) 6 
n 

as r tends to +oo. 

We now consider the Hyperbola scaled by a factor (n/Je)^/" for some /? > and £ > 0, namely 

As 

(sm(ns))^/" 

We set p := {l3s)n r and, as s tends to we can also write 

X;3(p,0) = pe + i£/3pi-" (i + o(e2p-'")) e. (3) 
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7 The Linearized mean curvature operator about the hy- 
perbola 

In order to compute the linearized mean curvature operator, we collect the results of the Appendix 
1. We recall from 0| that the linearized mean curvature operator is given by 

In the local chart given by X, we have explicitely 

Proposition 3 The linearized mean curvature operator about the hyperbola Hj reads 

(sin(ns))-* LhV ^ i e^i-")'' (sin(ns))2-i 9, ((sin(ns))^ 9,/) + As/ - {n - 1)/ 

+ (n2 - 1) sin2(ns) / - 2 cos(ns) divg T] 9 
+ i e'' (sin(ns))2-| ds ((sin(ns))2/" d^T) + AJT - T 
+3 sin^ (ns) T + 2 cos(ns) grad5 /] 

In order to study the spectral properties of Lh, it will be useful to identify tangent vector 
fields on S""^^ with 1-forms on 5"^^. This identification yields a natural identification of normal 
vector fields on Hj 

V := fi 6^(1-")'' e + i e'" T e N{H) 

with 

U := if,v) e C°°(R X S'"-i;f]" X n^) 
where v (s, •) is the 1-form corresponding to T(s, •). 

Granted this identification we can identify Lh with the following linear operator 

(sin(ns))-* Lh (/, v) = (sinM)^-* ds ((sin(ns))* {dsf, + (A^/, A^^;) 

+ 2 cos(ns) ((5^ V, d° /) + ((1 - n) /, {n - 3) v) 
+ sin2(ns) ((^2 - l)/,3v) 

Also, in order to have a better understanding of the structure of this operator we define the 
variable t by 

dt := — - ds, 

sm(ns) 

with t{-^) = 0. We obtain explicitely that 

^-nt _ sin(ns) 



1 — cos(ns) 

which implies that 

sin(7is) = (cosh(7it))^^ and cos(ns) = — tanh(nt). 
Then one checks directly that the operator 

D := (sin(ns))^ ds (^{sm{ns))i ds^ , 
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becomes 

(sin(ns)) 2„ D (sin(ns)) 2« = dt — 



4 4 cosh^(nt) 

Hence the study of Lh is equivalent to the study of the conjugate operator 
CH{f,v) = {d^f,d^v) + {A°f,A'v)-2te.nh{nt)iS'v,cff) 

4 4 V + cosh2(nt) V 4 4 



Observe that, when t tends to — oo the operator jCh is equivalent to the following differential 
operator 

Co (/, v) = (a^/, 5^) + (AO/, Ai^) + 2 {6' ^, dV) - /, ^^4^ 

8 Eigendata of and on 5"-^ 

The spectrum of A° on 5""^ is well known and given by 

o-(A°) = {k{n-2 + k)\k>0} 

The spectrum of A^ is also well known. In dimension n = 2 or n = 3 this spectrum is simply 
given by 

a{A^) = {k{n - 2 + k)\k > 1} 

and all 1-eigenforms of A^ are image of eigenfunctions of A° by the operator dP. 

In dimension n > 4, things are slightly more involved. The spectrum of A^ can be decomposed 
into two disjoint subsets 

ct(A1) =£7ec.(Al)U(Tcoex(A^) 

where 

ae^{A^) = {k{n-2 + k)\k>l} 

corresponds of the eigenvalues associated to exact 1-eigenforms (namely 1-eigenforms which be- 
long to the image of f2''(S'"~"'^) by dP) and where 

a^oexi^^) = {(A: + 1) (n - 3 + A;) I fc > 1} 

corresponds of the eigenvalues associated to coexact 1-cigcnforms (namely 1-eigenforms which 
belong to the image of 0^(5'""^) by S"^). It may be observed that all exact 1-eigenforms are 
image of eigenfunctions of A^ by dP and all coexact 1-eigenforms are image of exact 2-eigenforms 
of A2 by 

We define 

yo :={(/, 0) : d°/ = 0} 

Next, for all fc > 1 

Ve'x := { (/, v) ■■ (A°/, A^^;) = -fc(n - 2 + k) (/, v) and d'v = 0} 
the eigenspace corresponding to the eigenvalue k{n — 2 + k) and to exact 1-forms, and 
V^„^^:={{0,v) : A\ = -{k + l){n-3 + k)v and 5^v = 0} 
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the cigcnspacc corresponding to the eigenvalue k{n — 2 + fc) and to coexact 1-forms. 

This decomposition corresponds to the decomposition for 1-forms on 5"^^ given by Hodge's 
decomposition Theorem 

since there is no harmonic 1-form on 5""^. The set of exact 1-eigenforms is total in dP J7°(S'"~^) 
and the set of coexact 1-eigenforms is total in 6^ In addition the two spaces dP f2°(6'"~^) 

and (5^ f2^(S'"~^) are orthogonal. 



Remark 2 This decomposition of the space of 1-forms induces a natural decomposition of the 
space of tangent vector fields into vector fi,elds corresponding to d'^ QP{S"^^) and vector fields 
corresponding to (5^ ri^(S'"~^). Moreover these two sets of vector fields are L"^ orthogonal. 



9 Indicial roots 

To begin with let us compute the indicial roots corresponding to Ch- First, observe that, in 
dimension n > 4, we can decompose any 1-form v ~ v^x + Vcoex into the sum of an exact 1-form 
on S"~^ and a coexact 1-form on S"'~^. In dimension n ~ 2 and n = 3, we set Vcoex = 0. Now, 
if (/, v) is a solution of the homogeneous equation t;) = then Vcoex satisfies 

Ch (0, Vcoex) = (0, d^Vcoex) + (0, A^Vcoex) ^ ( 0, Vcoex j 

+ 1 ( 0, 

cosh {nt) V 

Recall that, restricted to coexact forms, the spectrum of is given by the set of (A;-|-l) {n—3+k), 
for > 1. In order to find the indicial roots corresponding to this operator, we look for solutions 
of the homogeneous problem of the form 

Vcoex = aij: (4) 

where V is a coexact eigenform of corresponding to the eigenvalue (A; + 1) (n — 3 + fc) and 
where a is a scalar function only depending on t. It is easy to see that the scalar function a is a 
solution of the following ordinary differential equation 

.. V 16 -n^ a 

a h fc a H 5 = (5) 

The behavior of the solutions when t tends to either ±oo is given by e'^k * where 

± , /n-2 



^t = ±[-^ + k) (6) 

These are the indicial roots of jCh when this operator is restricted to coexact 1-forms. 

We now turn to the study of indicial roots corresponding to Uex- Observe that, this time 

if, Vex) = {dif, d^Vex) + (A^/, ^'v^x) - 2 tanh(ni) {5' v^x, d° f) 

(n - 4)2 \ 1 /3n^ 16 - >^ (7) 

4 ^' 4 + cosh^(nO V 4 4 
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Assume that (f) is an eigenvalue of A" associated to the eigenvalue fc (n — 2 + fc) . Then, we look 
for solutions of (j^) of the form 

f — a4> and Wej, — b dP(l) 

where a and b are scalar functions only depending on t. We obtain the following system of 
ordinary differential equation 

a 



a r a H — : — r = 

4 4 cosh^(ni) 



when k = and 



d-k(n-2 + k)a a~2 tanh(nt) k(n-2 + k)b~\ ^ = 

4 '4 co8h^{nt) 

(n — 41^ 16 — b 
b~k(n-2 + k)b - — b-2 tanh(nt) a H , = 

for fc 7^ 0. With little work one finds for A: 7^ the asymptotic behavior of a and b at both ±00 
is governed by the following sets of indicial roots 

Mfc = ± + fc) and - ± + k 

and for fc = 0, we find 

It is worth mentioning that the operators Ch and Co have the same indicial roots. 

10 The Jacobi fields 

Some Jacobi fields of Lh are very easy to obtain since they correspond to geometric transforma- 
tions of the hyperbola. In this paragraph we consider Lh instead of Ch since these Jacobi fields 
are easier to describe for Lh- 

Jacobi fields corresponding to translations Let a,b E M" be given, the Jacobi field corre- 
sponding to the translation of vector e*" a, namely 

X + iy eC^' — > {x + cos a a) +i{y + sin ab) e C" 

is the projection on the normal bundle of the constant vector e'" a. We obtain explicitely 

$t(a, a) = i 6^(1-")'' sin((n - l)s + a) {a ■ Q) Q + i e'' sm{a - s) (a - (a • 6) 6) (8) 

Jacobi field corresponding to a dilation This Jacobi field corresponding to the dilation 

x + iyeC^ — > (1 + (5) (x + i y) e C" 
is obtained by projecting over the normal bundle the infinitesimal dilation 

is 

^7---TT0 (9) 

We obtain 

$d((5) = S (sin(ns))i-^ i e*(i-")« 9 (10) 
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Jacobi fields corresponding to the action of SU (n) Let A be some nx n symmetric matrix. 
Tlie Jacobi fields corresponding to the action of 

are obtained by projecting over the normal bundle the infinitesimal action 

pis 

Ae 



(sin(ns))^/" 
We obtain explicitely 

^suinM) = (sin(ns))-^ (ie'^^"")" cos(ns) {AG ■ Q) Q + ie'' {Ae - {AG ■ 6)6)) . (11) 

Jacobi fields corresponding to the action of 0{2n)/SU{n) Let A be some nx n antisym- 
metric matrix. The Jacobi fields corresponding to the action of 

x + iy&C' — > (e--^ a; + i 2/) e 

are obtained by projecting over the normal bundle the infinitesimal action 

-AQ 



(sin(ns)) 
We obtain explicitely 

*0(2n)(^) = (sin(ns))^^ sin(2s) i e*" A 6. (12) 
The Jacobi fields corresponding to the action of 

x + iyeC^ — > {cosh. A {x + i y)+s\nh. A {y + ix)) e C" 

are obtained by projecting over the normal bundle the infinitesimal action 

i p A6 

(sin(ns)) » 

We obtain explicitely 

*o(2n)(^) = (sin(ns))"" cos(2s) i e** A6. 

11 The maximum principle 

We want to prove the following result 

Proposition 4 Assume that n > 4 and assume that U is a solution of Cr U = in{ti, ti) X 5"""^, 
(with U = at the boundary if ti > — oo or t2 < +oo^. Assume that 

\U\ < {cosht)-", 

for some v > Further assume that, for every t G {ti,t2), U{t,-) is orthogonal to V° in the 

L'^ -sense on S""-^. ThenU = Q. 

Proof : We decompose U = (/, v) into v = Vgx + Vcoex where Vex is an exact 1-form on and 
where Vcoex is a coexact 1-form on S"'~^. 
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Step 1. We multiply the equation CH{f,v) by (0, Wcoex) and integrate over (ti,t2) x 5*" ^. 
We obtain 



/f f — 16 /■ 
\dtVcoex\^ + / |rf^'i'coea;P + Y / \'"coex? ^ / (cOsh(nt))~^ [Wcoea^P 



which already implies that Vcoex = since n > 4. It therefore remains to prove that {f,Vex) = 0. 
The proof is now quite involved and, in order to simplify the notations, we set 



A:=J f, B:= j (cosh(ni))-' f , C := j \dtf\\ D := J \<f ff 
A' := j \vex\\ B' := j (cosh(nO)-' \vex?, C := j \dtVex\\ D' := j \5\, 



2 

ex I 



and 



E := J tanh(nf) dP f A-kVe^ = — J tanh(nt) / 6^ Vex) 



Step 2. We multiply the equation CH{f,v) by {f,Vex) and integrate. This time, we obtain 

= J{cosh{nt))-^ + _2 Jtanh{nt){(ffA^Vex + fS'vex) 

With our notations this can be written as 

C + C' + D + D' + !^A+^-^^A'-^-^B + ^^B' = -AE (13) 
4 4 4 4 ^ ' 

Using with Cauchy-Schwarz inequality and integration by parts, we estimate 

J tanh(nt) Vex < (^j l^^^^e.p) ' [J - J (cosh(ni))-' ' • 
This inequality can also be written as 

E'^ <D'{A-B). (14) 



Now, we use the fact that, for all t, f{t, •) is L^-orthogonal to the first eigenfunction on 
hence 

/S" 

Integrating over t yields 



/ \<fff>{n-l)[ f 
J\cff\'>{n-1) J f 



Otherwize stated 

D>{n-1)A. (15) 



Finally, we use an integration by parts to prove that 

n J (cosh(nt))-^ f = -2 j ta,nh{nt) f dtf 
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Using Cauchy-Schwarz inequality, we conclude that 

n I (cosh(nt))-2 f<2(f \dJ\A ^ ( I f- I (cosHnt))-^ f 



A similar inequality holds with / replaced by Vex- This yields 

<'IC{A- B)^ B'"^ <AC' {A' - B'f (16) 

Step 3. Assume that A ^ B and A' ^ B' , we can collect the previous inequalities (0)-(|l6|) 
to eliminate C,C', D and D' in (H]). With little work we find 

— — + -- V — — + {n-^)A + AB+^ — <0 

A A- B A A' -B' ^ ' A-B 

It is now an easy exercice to check that, when n > A, the above inequality implies that A = A' = 0. 
hence f ~ and Vex = 0. 

li A = B, we first use (p^ to conclude that B = 0, hence we conclude that / = 0. In this case, 
it readily follows from (fi^) that A' — which implies that Vex = 0. 



If A' = B' , wc first use to conclude that B' — 0, so Vex = 0. In this case, ( p^ ) reduces to 

C + D + —A-—B = {) 
A A 

And, using (p^-(|l6|) we conclude that ^ = which implies that / = 0. 

The proof is therefore complete. □ 

When n — i some modifications are needed in the corresponding statement. Indeed, we 
shall prove, and this will be sufficient for our purposes that the maximum principle as stated 
in Proposition ^ holds on any interval containing a large interval centered at the origin. This 
additional assumption is probably not needed but we have not been able to get ride of it. Let 
us emphasize that the result needed below is just what we need for all the remaining analysis to 
hold. 

Proposition 5 Assume that n = 3. Then there exists > such that, if U is a solution of 
ChU ^ in (ti,t2) X S'^ , for some ti < —to and ^2 ^ to, , (with U — at the boundary if 
ti > —CO or t2 < +cg) satisfying 

\U\ < (coshi)-", 

for some v > — and with the property that, for every t G (^1,^2)7 U(t, •) is orthogonal to in 
the L^-sense on , then U = 0. 

Proof : First we assume that U{t,-) is not only orthogonal to V*' in the i^-sense on S*^ but also 
orthogonal to V^. Then ( p^ can be improved into 

D>6A. 

where 6 corresponds to the next eigenvalue. And we can proceed as in Step 2 and Step 3 of the 
proof of the previous result, to show that / = and v = 0. Observe that, at this point, there is 
no additional restriction needed. 

Therefore is just remains to prove the result when U{t,-) belongs to V^. In this case we 
are reduced to study some coupled system of ordinary differential equation. Indeed, we can 
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decompose / and v over eigenfunctions A° and associated to the eigenvalue 2. Hence we can 
reduce to the case where 

f = a4> and v^x = bdP(j) 

where a and b are scalar functions only depending on t and (f> is an eigenfunction of A*^ corre- 
sponding to the eigenvalue 2.. We obtain the following system of ordinary differential equation 



a -2a a-4 tanh(3t) 6 H ^ = 

4 ^ ^ 4 cosh2(3t) 



.. 1 7 b (17) 

b-2b- -b~2 tanh(3t) a + ^ = 

4 ^ ^ 4 cosh2(3i) 



For the time being let us assume that ti — — oo and t2 = +oo and show that any solution of ( p7| ) 
which is bounded by (coshs)'^ vanishes. As already mentioned, the asymptotic behavior of a and 
b at both ±oo is governed by the following sets of indicial roots 



5 1 

^ = ±- and = ±- 

1 2 '^2 



Observe that we know explicitely some solutions of ([T7|), namely the solutions corresponding to 
the Jacobi field <&t(ck, a). In particular, when a = 0, we obtain the solution 

ai — (sin(3s))^5 (sin(3s) cos s — sin s cos(3s)) 
hi — — (sin(3s))^^ sins 

Recall that s is a function of t. Since sin(3s) = (cosh(3t))~^ and cos(3s) = — tanh(3t), we can 
easily obtain the asymptotic behavior of this explicite solution. Near — oo it is given by 

ai ~ (cosh i)" 3 

bi ~ — i (cosht)~i 

and near +00 it is given by 

ai ~ sin ^ (cosh f)^ 2 
61 ^ — sin ^ (coshi)~5 

Now, assume that we have a solution of ([l7| ) which is bounded by (coshi)'' for some u < 
The inspection of the indicial roots shows that this solution is bounded by a constant times 
(cosh t)^ 5. However all solutions of ( p7|) which are bounded by (cosht)^^ have to be a multiple 
of the solution (ai,6i) described above. Clearly these are not bounded by (cosht)^^ at +00 
unless it is identically 0. 

In order to complete the proof of the Proposition, we argue by contradiction and assume that 
the result is not true. There would exist sequences {t[)i G [— oo,0] and {t^)i e [0, +00] tending to 
—00 and +00 respectively, and for each i a solution (a^, bi) of (^) defined in {t'^, t'l) and bounded 
by a (coshs)''. These solutions have boundary data whenever t'^ or t'l are finite. 

Our problem being linear we can assume that the solution (a^, bj) is normalized in such a way 
that 

sup (coshi)""" {\ai\ + -bi\) = 1 
(*■,*") 

Let ti e {t'^,t'l) a point where the above maximum is achieved. To begin with, observe that the 
sequence ti — t[ remains bounded away from 0. This is obvious if i'- — —00 and if not, this follows 
from the fact that since (a^, bi) and therefore (a,, bi) are bounded by a constant (independent of i) 
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times (cosht^)'^ in [t^,t'^ + 1] and since = 6^ = at t'^, standard ordinary differential arguments 
show that (cti, bi) is also bounded by a constant (independent of i) times (cosht^)'^ in [t'^, t[ + i]. 
As a consequence the above supremum cannot be achieved at a point which is too close to t'^. 
Similarly one proves that the sequence t'l — ti also remains bounded away from 0. 

We now define the sequence of rescaled functions 

{ai,hi){t) := {coshtiY {ai,bi){t + ti). 

Case 1 : Assume that the sequence ti converges to too G After the extraction of some 
subsequences, if this is necessary, we may assume that the sequence {di,bi){- — too) converges 
to some nontrivial solution of (p^). Furthermore this solution is bounded by a constant times 
(coshi)". However, we have just proved that this is not possible. 

Case 2 : Assume that the sequence ti converges to — oo. After the extraction of some subsequences, 
if this is necessary, we may assume that the sequence (a^, bi) converges to (ooo, b^o) some nontrivial 
solution of 

17 

a a + Ab = 

b--b + 2a = 
4 

in some interval {t^, +oo), with boundary condition Coo = ^oo = 0, if limi^oo t'i — ti is finite. 
Furthermore this solution is bounded by a constant times (cosht)'^. It is a simple exercice to 
show that (|l^) has no such solutions. 

Case 3 : Finally, we assume that the sequence ti converges to +oo. This case being similar to 
Case 2, we shall omit it. 

Since we have ruled out every possible case, the proof of the result is complete. □ 

We will also need the following simpler result for the differential operator which appears in 
Ch when t tends to — oo. Here no restriction are needed. 

Proposition 6 Assume that U is a solution of Call = Q in {ti,t2) x S"^^ , (with U = at the 
boundary if ti > —oo or t2 < +(x>). Assume that 

\U\ < (coshi)-", 

for some v > Then U = 0. 

Proof : This time the proof can be obtain be first decomposing U — (/, v) over eigenspaces of 
A" and respectively and then compute explicitely the solutions of the ordinary differential 
equation and finally show that U — 0. 

However, one can also proceed as in the former proof. To begin with, let us assume that 
n > 4. We decompose v = v^x + Vcoex where v^x is an exact 1-form on S^^"^ and where Vcoex is a 
coexact 1-form on S*"^^. 

We multiply the equation ChU by (0,fcoe2;) and integrate over (ti,t2) x We obtain 

which already implies that Vcoex = 0. It therefore remains to prove that (/, fex) = 0. 
The proof is now quite involved and, in order to simplify the notations, we set 



A--=jr. B:=j\dJ\^ C:=J\d^f\' 
A' := J \vex\', B' j \dtv,,\^ C := j \5\,x? ■ 
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We multiply the equation ChU by (/, Wex) and integrate. This time, we obtain 



Using with Cauchy-Schwarz inequality, we estimate 



(n-4)2 



d°f A-kVe 



< 



< 



MVP 



(19) 



To estimate the first RHS, we will use 2ab < a +b and in order to estimate the second one, we 
use 2a6 < + 2 6^. 

Collecting these, together with (|l^), we conclude that 



C + —A + C' 

4 



A' <-C' + 2A + C + A'. 
4 ~ 2 



To finish, we use the fact that, as in (|T^ we have 



Otherwize stated that C > {n — 1) A' to conclude that 



which proves the desired claim. 



□ 



12 Mapping properties of jCh on a half hyperbola 

As in the analysis of the mapping properties of Ch is easy to do in some weighted Holder 
spaces we are now going to define. 

Definition 1 For all5 eR and for all to £ K, the space '"([io, +oo) x S"-'^; n° x D,^) is defined 
to be the space of U E C'^'"([to, +oo) x S"^^^; fJ" x ft^) for which the following norm is finite 

\\U\\k.a,S ■= sup le^^" U\k,a{[t,t+l]xS"~^)- 
t>to 

Here \ \k.a i[t.t+i]xS"-^) denotes the usual Holder norm in [t,t + 1] x S"~^ . 

Observe that U = (/, v) where u is a 1-form, hence, in the above defined norm it is the coefficients 
of V and the function / which are estimated. 

To begin with, we investigate the mapping properties of Ch when defined between the above 
weighted spaces. These mapping properties crucially depend on the choice of d. We prove the 

Proposition 7 Assume that S G (^3^, ^^y^) o,nd a G (0, 1) are fixed. There exists some constant 
c > and, for all tQ E M. (when n = 3, tg has to be chosen larger than to defined in Proposition ^ 
, there exists an operator 
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such that, for all V G C°'"([to, +00) x S''-^; n° x n^), if for all t > to, V{t, •) is orthogonal to V° 
in the sense on S"~^, then U = Gto^ the unique solution of 

( ChU = y in [io,+oo) X S""-! 

\ V e V° on {to} X 5"-!. 

Furthermore, \\U\\2.a,s < c || V^||o,a,(5- 

Proof : Uniqueness of Gto follows Proposition ^. We therefore concentrate our attention on the 
existence of Gto the derivation of the uniform estimate for the inverse. 

Our problem being linear, we can assume that 

sup \e'^*V\<l. 

(t',+oo)xS"-i 

Now, it follows from Proposition^ that, when restricted to the space of U which are orthogonal 
to V° in the L^-sense on S'"~^, the operator £h is injective over {t' , t") x 5"*"^. As a consequence, 
for all t" > t' + 1 we are able to solve ChU = V, in [f , t") x with C/ = on {f, t"} x S"'^. 

We claim that, there exists some constant c > independent of t" > t' + 1 and to and of V 
such that 

sup |e-^*f/|<c. 

(t',t")xS"-i 

We argue by contradiction and assume that the result is not true. In this case, there would exist 
sequences > + 1, a sequence of functions Vi satisfying 

sup \e-^%\ = 1, 
(i;,tf )xS"-i 

and a sequence Ui of solutions of £H{fi,Vi) — {gi,Wi), in [t[,t'l) x S"~^ , with {fi,Vi) = on 
{t'^.t'l} X such that 

Ai := sup \e~^*Ui\ — > +00. 
(t;,t;')xs'"-i 

Furthermore, Ui{t, •) and Vi{t, •) are orthogonal in the sense to V° on 5""^. Let us denote by 
{ti,Si) e {t'i^t'i) X 5"^^, a point where the above supremum is achieved. We now distinguish a 
few cases according to the behavior of the sequence ti (which, up to a subsequence can always 
be assumed to converge in [—00, +cxd]). Up to some subsequence, we may also assume that the 
sequences t'l — ti (resp. ti — t[) converges to t* e (0, +00] (resp. to G [—00, 0)). 
Observe that the sequence ti — t'i remains bounded away from 0. Indeed, since Ui and Ch Ui are 
bounded by a constant (independent of i) times e**> Ai in [ti,t'^ + 1] x 5'""^ and since Ui — 
on {t'j} X standard elliptic estimates allow us to conclude that the partial derivative of Ui 

with respect to t is also uniformly bounded by a constant times e**» Ai in [t'^, + 5] ^ 5"^^. As a 
consequence the above supremum cannot be achieved at a point which is too close to t[. Similarly 
one proves that the sequence i" — ti also remains bounded away from 0. 

We now define the sequence of rescaled functions 

p-Sti 

U,{t,9) -.^ U,{t + t,,0). 

Case 1 : Assume that the sequence ti converges to too G K. After the extraction of some 
subsequences, if this is necessary, we may assume that the sequence Ui converges to some nontrivial 
solution of 

Ch Uoo = 0, 
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in (t*,t*) X S"" ^, with boundary condition Uoo — 0, if either or t* is finite. Furthermore 

sup |e-^(*-*~)C/oo| = f. (20) 

(t.,t*)xS''— 1 

and Uoo{t, •) orthogonal in the sense to V° on 5"^^. If = — oo, the inspection of the indicial 
roots shows that, any solution of the homogeneous equation which is bounded by e** for some 
S e (^^,2^^^) is bounded by a constant times e^"* at — oo. Similarly, if t* = +oo we find 
that any solution of the homogeneous equation which is bounded by e''* for some 6 e (^^, ^^^) 
is bounded by a constant times e~2— * at — oo. But, applying Proposition ^, this implies that 
(/, t;) = 0, contradicting (pO|). 

Case 2 : Assume that the sequence ti converges to — oo. After the extraction of some subsequences, 
if this is necessary, we may assume that the sequence Ui converges to some nontrivial solution of 

Af/oo = (21) 

in (t»,t*) X S'""'^, with boundary condition Uoo = 0, if either or t* is finite. Furthermore 

sup \e-^'Uoo\^l, (22) 

(t.,t*)xS"-i 

As already mentioned, the indicial roots corresponding to ( pl| ) are the same as the indicial roots 
corresponding to Ch- Again, ii t^, = — oo, the inspection of the indicial roots shows that, any 
solution of the homogeneous equation which is bounded by e** for some 5 £ (^y^, ■^^) is bounded 

by a constant times at — oo. Similarly, if t* — +oo we find that any solution of the 

homogeneous equation which is bounded by e"^* for some 6 G (^y^, ^^^y^) is bounded by a constant 
times e~2— * at — oo. But, applying Proposition ||, this implies that Uoo — 0, contradicting (p2|). 

Case 3 : Assume that the sequence U converges to +oo. This case being similar to Case 2, we 
shall omit it. 

Now that the proof of the claim is finished, we may pass to the limit t" +oo and obtain a 
solution oiCHU = V, in (t', +oo) x S'"-\ with [/ = on {t'} x 5""!, which satisfies 

sup |e"** U\ < c, 

(t', + oo)xS'"-i 

for some constant c > independent of S. To complete the proof of the Proposition, it suffices 
to apply Schauder's estimates in order to get the relevant estimates for all the derivatives. □ 

We now extend the right inverse Gto to the set of V := {g, 0) where g only depends on t. For 
the sake of simplicity in the notations, we keep the same notation for the right inverse since they 
are defined on orthogonal spaces. This is the content of the following 

Proposition 8 Assume that 6' < and a G (0, 1) are fixed. There exists some constant c > 
and, for all to G M, there exists an operator 

Gt, : C,";"([to, +oo) X f!" x n^) ^ 4'"([to, +oo) x 5"-^; f!" x il^), 

such that, for all ((/,0) G C^,'"([io, +oo) x S"~^;ff x fl^), if for all t > to, g{t,-) is constant on 
S"^^ , then (/, 0) = Gt„ig,0) is the unique solution of 

Cnif^O) ^ {g,0) (23) 

in [to,+oo) X S"~^ which belongs to the space Cs;"{[tQ,+oo) X ^"-^rjo X rji). Furthermore, 

||(/,0)||2,a,5' <c||(.9,0)||o,a,5'. 
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Proof : The existence is easy. We already know an explicite solution of the homogeneous problem 
£_ff(/o,0) = 0. This solution is given by 

fo{t) := {cosh{nt))-K 

We define the solution of (E3) by 



/ + 00 (- + 00 

(/o(c))-'y^ m)9iOd(dc 

It is a simple exercise to show that this is a solution which is well defined and that the estimate 
is satisfied, since we have chosen 6' < □ 

We will also need the 

Proposition 9 There exists c > such that, for all to e R and all W g C^'"(5'"~^; x n^), 
there exists a unique Uq G C1'"„ {[to,+oo) x S"'^^;il'^ x fl^) solution of 

2 

r CoUo = in (io,+oo) x 5"-^ 

(24) 

[ Uo = W on {to} X 5"-!. 

Furthermore, we have 

\\Uo\L^^2-^<ce'^'°\\W\\2,c., 



Proof : Uniqueness of the solution follows Proposition g. We therefore concentrate our attention 
on the existence of the solution and the derivation of the uniform estimate for the inverse. 

Our problem being linear, we can assume that 

sup \e-^*W\ < 1. 

Step 1 Assume that the boundary data W is orthogonal, in the sense, to Vg^ the eigenspace 
of (A°, A^) corresponding to the eigenvalue 1 — n. We apply Proposition^ which implies that 
the operator Co is injective over {t' , t") x S*"^^. As a consequence, for all t" > i' + 1 we are able 
to solve CqU = 0, in [f ,t") x 5'"-\ with [/ = on {t'} x S'"-i and 17 = on {t"} x S*""!. 

We claim that, for any 5 G (— ^,^^), there exists some constant c > independent of 
t" > i' + 1 and to and of W such that 

sup \e^^^U\< 

We argue by contradiction and assume that the result is not true. In this case, there would exist 
sequences t > t- + 1, a sequence of functions Wi satisfying 

sup \e-^*W,\^l, 

and a sequence Ui of solutions of CnUi — 0, in (i^, t'-) x S'"^\ with Ui — Wi on {t'^ x 5"^^ and 
L/j = on {t'^} X S*"-! such that 

A, := sup le-^''*^"*) U,\ — > +oo. 

Furthermore, Ui{t, •) are orthogonal in the sense to V^^ on S"'~^. Let us denote by {ti,9i) G 
{t[,t'l) X S*""^, a point where the above supremum is achieved. We now distinguish a few cases 
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according to the behavior of the sequence U (which, up to a subsequence can always be assumed 
to converge in [—00, +00]). Up to some subsequence, we may also assume that the sequences 
t'l — ti (resp. ti — t\) converges to t* G (0, +00] (resp. to e [—00, 0)). 

As in the proof of Proposition |^, observe that the sequences ti — t[ and t'l — ti remain bounded 
away from 0. 

We now define the sequence of rescaled functions 

U,{t,e) := U^{t + t,,0). 

Up to a subsequence, we can assume that the sequence t" — ti converges to t* G (0, +00] and that 
ti — t'^ converges to S [— cxd,0). After the extraction of some subsequences, if this is necessary, 
we may assume that the sequence Ui converges to some nontrivial solution of 

Co = 0, (25) 

in (i*,t*) X S'"""'^, with boundary condition Uoo = 0, if either or t* is finite. Furthermore 

sup |e-^*C/oo| = 1. (26) 

(t.,t*)xS"-i 

and Uao{t, •) orthogonal in the sense to on 5""^. If = —00, the inspection of the indicial 
roots shows that, any solution of the homogeneous equation which is bounded by e"^* for some 
6 e (— f , ^-^) is bounded by a constant times e^* at —00. Applying Proposition |7[ this implies 
that Uoo = 0, contradicting (p6|). 

Now that the proof of the claim is finished, we may pass to the limit t" +00 and obtain a 
solution of CoU = 0, in (f, +00) x S*""!, with U ^ W on {t'} x S*""!, which satisfies 

sup |e"** U\ < c, 

(t', + oo)xS"-i 

for some constant c > independent of t'. Finally, Schauder's estimates yield the relevant 
estimates for all the derivatives. 

Step 2 Assume that the boundary data W belongs to Vg^ the eigenspace of (A°, A'^) correspond- 
ing to the eigenvalue 1 — n. In this case, the partial differential equation CqU = reduces to a 
finite number of coupled ordinary differential equations of the form 

d- {n-l)d- ^a + 2{n-l)b ^ 

b-{n-l)b-^^^b + 2a = 

with boundary data a{t') = oq and b{t') — bo. Then, provided A^(f> — —{n — 1) 0, U = {a(j),b(f(j)) 
wiU be a solution of CoU = in {f, +00) x S*""! and U{t', •) = (ao 0, bo d°<j)) on {t'} x S"-'^. 

But the above system can be solved explicitely 

a = (n-l)Ae-'^(*-*') +Be^(*-*') 

and {n — 2) A = 00 + bo, [n — 2)B = (n — \)bo — oq. It is easy to check that ||?7||2 ^ < c. This 
completes the proof of the result. □ 



24 



13 Structure of the mean curvature operator about the 
Hyperbola 

In order to understand the structure of the mean curvature operator for any surface close enough 
to the hyperbola, we go back to the variational definition of the minimal surface. Let F be a 
normal perturbation of the hyperbola parameterized by X. Recall that, with our notations. 



~ (sin(ns))V» 
and that the normal vector field can be taken to be 

We will denote by 

Y{t,e) :=x{t,e) + v{t,e) 

First, let us compute the vectors which span the tangent space of the surface parameterized by 
Y. 

dtV = -(cosh(nt))^ e^(i-")« 6 + e'^^"")^ ( ^" ~ \\ f + tdtAo- e'' ( . T - zdtT] 

\cosh(nt) / \cosh(nt) / 

and, for all j = 1, . . . , n — 1 

= (coshto))^ e'^ e,- + i e'^i-")** de fe-ie'' ( tanh(ns) + — ) ©7 + ^ e'' %T 

^ V cosh(ns) J ^ 

The coefficients of the first fundamental form associated to Y are given by 

\dtY\'^ = (cosh(nt))^ - 2 (n - 1) (cosh(nO)^ / + \dtf\'^ + \dtT\^ 
+ (n - 1)2 cosh^int) f + cosh2(ni) \T\^ 
and, for all j = 1, . . . , n — 1 

dtY -djY = (-2 (cosh(nt)) ^ T ■ sj + {sjf) dtf + We, T ■ OtT 

+ (n - 2) cosh^ {nt) fT-Sj+ tanh(nt) dtfT-sj- tanh(nt) fdtT-sj) 1 6^- 1 

\djY\^ = (((cosh(nO)^ + {Sj/r + l/P + Ve,T|2 + 2 (cosh(ni))'^ / 
- 2 tanh(nt) (e^/) T ■ Sj - 2 tanh(ni) / (V^.T • Sj)) \Qj\'^ 
Finally, if j ^ k we have 

djY ■ dkY = ((£,/) (Sfe/) + Ve^.T • Ve,r - tanh(nt) ((e,/) T-ek + {skf) T ■ 

- tanh(ni) / ( V,^ T • + V,, T • )) 1 6^ 1 1 6^ | 

The exact value of the coefficients of the first fundamental form is not needed. We just observe 
that the first fundamental form of the surface parameterized by Y is given by 

Iy=Ix + (cosh(ni))^ T) + Q{f, T) 
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where Ix is the first fundamental form of the hyperbola in the variables {t, 9), namely 

Ix = (cosh(nt))" {dt'^ + (cosh(nt))- dd"^) 

And where L is linear and Q is quadratie in the variables /, T, dt /, dt T and Sjf, V^T. Both L 
and Q have coefficients depending on t but they are all bounded and have bounded derivatives 
with respect to t. 

Once we have obtained the structure of the first fundamental form, it is a simple exercise 
to obtain the structure of the volume functional and then the structure of the Euler-Lagrange 
equation. Hence, we conclude that the surface parameterized by Y is minimal if and only if V is 
a solution of the following partial differential equation 

LiV + (cosht)-i-" Q2((coshi)-i V) + (cosht)-^ Q3((cosht)-i V) = 

where Li is the linearized mean curvature operator, Q2 is homogeneous of degree 2 and where 
Qs collects all the higher order terms. Observe that the Taylor's coefficients of Qi are bounded 
functions of t and so are the derivatives of any order of these functions. 

When we conjugate this operator, as we have done with Lh, we obtain the 
Proposition 10 The surface parameterized by 

Y{t, 0) = X{t, 0) + (cosh(nt))^ V{t, 0) 

is minimal if and only if 

ChV+ (cosht)-t Q2((cosht)-t V) + (cosht)t Q3((cosht)-t V)=Q (27) 

where Qi is homogeneous of degree 2 and where Q3 collects all the higher order terms. Observe 
that the Taylor's coefficients of Qi are bounded functions oft and so are the derivatives of any 
order of these functions. 

14 Minimal n-submanifolds close to the truncated hyper- 
bola Hi 

For all e G (0, 1), > 0, k > 1 and /3 G [^) '^li define G (0, ^) and S M by the identities 

1 coss* 
^* = ("^^)"(sin(na.))Vn' 

and 



-nt* 



sin(ns») 



1 — cos(ns,) 

Hence, < for e small enough. 

Consider any normal perturbation of the rescaled hyperbola 

Y{t,e) = {npe)n (X{t,e) + (cosh(nt))^V(t,6»)) . 

As usual, we identify the normal vector field V with U = {f,v). We have seen that Y describes 
a minimal n-submanifold if and only if J7 is a solution of 

LhU = (cosht)-* Q2((cosht)-7f/) + (coshi)t Q3((coshi)-* [/). 
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We modify the normal bundle when {t, 0) £ [t,, + 2] x S*""^ so hat it is now given by the 
"vertical plane" {ix : x e K"} for all {t,9) e + 1] x 5"^^. More precisely, instead of 

considering the normal bundle spanned by 

No = i e^fi-")" e and Vj = 1, . . . , n N, = i e*" -J^, 

we want to choose the bundle spanned by the vectors 

in + ^) X S'"~^. As explained in this modifies slightly the equation we have to solve 

into 

ChU = (coshi)-2" LC/+ (cosh Q2((cosh(i)"^[/) + (cosht)^ QsHcoshty^U), (28) 

where the linear operator L has coefficients which are bounded and supported in [i*, + 2] x S*"^^ 
and where Q2 and Q3 enjoy the properties of Q2 and Q3. 

Definition 2 We define Pq to be the projection over the space orthogonal to V*^ in the 
sense on S"^^^. 

We want to find U solution of (|2^ ) in (t*, +00) x 5*"^^, boundary data PqU = on {t,} x S""^^ 
where 

for some fixed constant k > 0. To begin with, let us solve 

CoUq = in (t,,+oo) X 

(29) 

?7o = on {t^} X 

We already know from Proposition ^ that there exists some constant c > such that 

It remains to solve 

ChU = (cosht)-2"L([/ + [/o)-£HC/o + (coshi)-tQ2((cosh(i)-^(f/ + C/o)) 
+ (cosht)t (33((coshi)-t(C/ + C/o) 
in (t*, +00) X 5"^^ with Pq = on {t,} x S*""^. We may then rewrite the previous equation as 

where by definition the nonlinear operator J\f is given by 

J\f{U) := ((cosht)-2»L([/ + [/o)_/:^[/o + (coshi)-tQ2((cosh(t)-t(t/ + C/o)) 
+ (cosht)^ Q3((cosht)--7([/ + f/o)) 

and where Gt, is the right inverse constructed in Proposition In order to solve this equation, 
we use a fixed point theorem for contraction mapping. This is the content of the following 
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Proposition 11 Let S e (^y^, -1) be fixed. There exists cq > and for all k > 0, there exists 
eo > such that, for all W which are orthogonal to V*^ in the sense on S*"^^ and which satisfy 

\\Wh.a<^{ep:)K 

we have 

\\Gt,^fm\2.a,5 < y (Cosht,)^^ \\W\\2,c. 

and 

\\Gu W{U2)-M{Ui))h,c.^S <\\\U2- Ui\\2,o.,5 

for all Ui, U2 e Cf "{[t^, +00) X S""-!) such that \\U.,\\2.a,s < cq (coshi*)^ l|W^I|2,a. 

In particular Gtt-N" has a unique fixed point in the hall of radius co (coshi,)~2- ||M^|j2,a in 

cl°'{[t^,+oo) X s-^-^f^" X n^). 

Proof: To begin with let us estimate 

II ((cOSllt)-2"L[/o) ||2,„_, < c(cOsllt,)*-2„|j^|j^^^ 

Now 

ChUo - {Ch - Co)Uo 

hence 

WCnUoh.c < c ((cosht,)*'-" + (coshi,)^) l|W^I|2,a. 
Now, using the properties of Q2 and Qs, we estimate for e small enough 



l(coshi)-t Q2{{cosht)-^Uo)\\2,c.j < c ((cosht,)*-^ + (cosht,)2-") ||W^||^_„ 



and 



||(cosht)t Q3((coshi)-t[/o)||2,„^5 < c ((coshi*)^-" + (cosht*)^^) \\W\\l^ 
We can now use the result of Proposition |^ to conclude that 

ll^^t. PoAA(0)||2,a,5 < c(cOsht,)T^ ll^^l^.a (30) 

where we recall that Pq to be the projection over the space orthogonal to V° in the sense 
on 5*"-^ 

Using the explicit representation of Qt_, when acting on functions only depending on t, we 
obtain 

\\Gt, (I-Po) ((cOsht)-2«LC/o) ||2,a,5 < C (cOsh )''^ ^ l|VK||2,a 

Now 

iI-Po)CHUo^O 
Finally, we estimate for all e small enough 

\\Gt, {I ~ Po) ((Coshi)-t g2((cOSht)-tC/o)) ||2.a,5 < C ((c0sht*)*+^ 

+ (cOSht,)2-") ||W^||2„ 

and 

\\Gt, {I~Po) ((cosht)* QsiicOshty^Uo)) ||2,a,5 < C ((cOsht,)^+3-" 

+ (cosht,)^) ||t¥||i,„ 

Collecting these estimates together with (|3^), we obtain 

||AA(0)||2.a><c(cOsht,)^|lW^|l2,o 

provided e is chosen small enough. We fix cg > to be equal to twice the constant which appears 
on the right hand side of this estimate. The second estimate requires that 6 £ (^-5^, f)- D 
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15 Family of half hyperbola parameterized by their bound- 
ary 

We summarize what we have obtained so far. Given k > 1, and p* > 0, there exists eo > such 
that for all /3 G [i, k], for aU e G (0,eo) and all $ e C2'"(S'"-^ K") which is orthogonal to 9 in 
the sense and which satisfies 

we have obtained a minimal n-submanifold which is C^'" close to the truncated hyperbola, more 
precisely this submanifold is parameterized by 

Y : {t,6) e [i,,+oo) X 5""^ — > {npe)^ (^X{t,0) + {cosh{nt))^V{t,e)^ 



where V = U + Uo e C^'"([t,, +oo) x S"^^). Here U is the solution of (|29|) and Uq is the solution 
of (|2^) obtained in the previous Proposition with W given by 

W := (cosh(nt»))^ $. 

Now, we would like to describe the boundary of this n-submanifold. To this aim, let us define 

coss 



{nf3e)- 



(sin(ns)) " 



Thanks to (|), we see that the above minimal n-submanifold can be parameterized, in some 
neighborhood of its boundary as 

{r,0) — >re + i{epr^-''Q + Fo + F)) {1 + 0{e^r~^")) 

Where Fq is the harmonic extension of the boundary data $ in Bp_^ and where 

|ji^(/9„-)||c2,»(S"-i) + l|P*3ri^(p*,-)llci."(S"-i) < c{cOshU)^-^ ll$l|2,a- 

In other words we can also write this n-submanifold near its boundary as the graph of 

{r,0) — >e^r^-"e + Fo + F, 
where F depends smoothly on /? and <& and satisfies 

WHp*, •)IIc^>-(S"-i) + \\P* drF{p,, Ollci-cs-i) < Ck (e^pi^'" + ep* (e^* P*)^"^) , 

where the constant > only depends on k. 
For further use it will be convenient to define 

Definition 3 For all $ G C2'"(S'""^ M"), we define 7'mt($) to be equal to drF where F is the 
harmonic extension of $ in the unit ball of R" . 

Finally, given any TZ £ 0{n) we consider the image of the above defined family of minimal 
n-submanifolds by 

x + iyeC" — ^x + i7^yeC". 
We denote by i?e,T?,,p, {/3, $) this submanifold. 
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16 Mean curvature operator for normal graphs over R"^ 

Let a normal graph over the x space in C", namely Q C M" 9 a; — > x + iF{x) G C". The first 
fundamental form is given by 

I = dxj dxj + 2 F ■ dx>. F dxj dxji 

3 j<j' 

It is an easy exercise to derive the equation which ensures that the graph of F will be minimal. 
The exact expression of this equation will not be needed but we only need its structure 

AF + div (Q3(VF)) =0 

where Qs is analytical and has coefficients which do not depend on x. Furthermore, Q3, VQ3 
and V^Qa all vanish at 0. 

17 Mapping properties of the Laplace operator in M.^ 

Choose po > such that, for all j ^ j', we have B{xj,po) n B{xj',pQ) = and also B{xj,pQ) C 

The weighted space we will be working with is defined by 

Definition 4 Given i^, fi E M. and a G (0, 1). The space C^:^iR" \ {a;i, . . . ,xn}; M") is defined to 
be the space of functions F e \ {xi, ■ . ■ , xn}; IR") for which, the following norm is finite 

\\F\\k,a,u,i^--=Yl sup r-"" [F]fe,„,BABr/2(x,) + |-FU,a,B2/po\UiBpo/2(xi)+ SUp r"** [F]fe,„,S2r\S,' 
j re(0,po) r>l/po 

where 

|V'<T(,r)- V''T(/y)l 



[F]k,a,B.\B^;,--=^r' sup |V^F|+r'=+" sup 
and where \ \k,a,Q is the usual Holder norm in Cl. 



Proposition 12 Assume that 2 — n < v < and also that 1 — n < p <2 — n. Then 

A : C2.^(K" \ {xi, . . . , x^};R") ® (1 + \x\^)'^ x M" ^ \ {xi, . . . , xn};W^), 

is an isomorphism. 

Proof : For all H e C°:!'2,;^-2(I^" \ • • • , xn]; R"), H e ^^(M"). Hence there exists F weak 
solution of AF = in R". Now, the function x ^ \x — XjY" can be used as a barrier function to 
prove that F is bounded by a constant times ||-ff||o,c«,!^-2,;t-2 times \x — Xj^ in each B{xj,po)- 

Moreover, it is classical to prove that F is bounded by a constant times ||i?||o,a,i^-2,/i-2 times 
\x — Xj\'^~"' outside [JjB{xj, po)- The estimates for the derivatives follow from rescaled Schauder's 
estimates. □ 

As above, we assume that po > is chosen such that, for all j ^ j', we have B{xj,po) fl 
B{xj',po) = 0. Using the maximum principle and the previous result, it is a simple exercise to 
show that 
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Proposition 13 Assume that 2 — n < u < and also that 1 — n</x<2 — n. Then, for all 
pe (0,po) 

A : <';,^(M" \ uf^ii3(a:,-,p);M") © (1 + [a^H^ x R" — C',-2,^_,{W^ \ uf^.Bix, , p);«"), 

is an isomorphism. Moreover, there exists c > such that, for all p G (0, po) the norm of its 
inverse Qp is hounded by c. 

Here the subscript V refers to the fact that all functions have boundary data on each dB{xj,p). 

18 Expansion of Green's function 

Assume that a;i, . . . , a;jv € M", ai,. . . , un G^, Aq & M„(M) and TZi,. . . , TZn G 0{n) are given, 
we set 



G{x) = Y^ajTZj (^T^j +^ox. 



It is an easy exercise to perform an expansion of G near one the point Xj^ . We get 

G{x) = aj, TZj, ( |^"j„ ) - (^) - j +Ao{x- xj,) 

+ Yl U in ( ^ - ^JO -n{{x- XjJ • {Xj - XjJ) 



Xj Xjg 



3 ¥=00 

+ 0{\x-Xj,f). 

We set 



\Xj Xjg I 



p e := a; - xj^ and, for all j ^ j' ^^j/ := 



and we define 7jj = for all j and 

^= I f / • - ^ / (© • ^^^^.^') • T^r^J,f )dd) , (31) 

for all j ^ j', and 

Xj = - I AoQ-TZjQde 

so that we can write 



G{x) = iaj.p^ " + {J2 ^1 ^iio ~ ^io) p\ ^io© 
\ <^n ~r ] 



(32) 



E a, 7^, ( ^ ) - Ax,o I + O^p") + 0^(p) 



where 0\_{^p) is orthogonal to 7?.jo0 in the sense and where a;„ := jS" ^|. 

19 Minimal graphs 

Assume that x\,..., xn € M", ai, . . . , ajv € R, »4o e M„(R) and 7?.i, . . . ,7?.jv € 0(n) are given, 
we have defined 



G{x) :=Y^ajnjl^j^-^'^+Aox 
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We would like to solve 

AF + div{Q3{VF)) ^ in W\UjB{xj,p^) 

F = eG + TZj^j on dB{xj,p*) 

where $j is small. 

To begin with, let us define Fj to be the solution of 

AFj = in W\[JjB{xj,p*) 

Fj = TZj^j on dB{xj,p^) 

Using barrier arguments, we obtain the 

Lemma 2 There exists a constant c > such that 

\\Fj\\2,oc,1-n,2-n<Cpl-^ \\^ ih,cc- 

Proof : Observe that 

is a supersolution for our problem, hence we already have 

The estimates for the other derivatives follow from Schauder's estimates. □ 

As above, we choose po > such that, for all j ^ j', we have B{xj,po) n B{xj',po) = 
and also B{xj,po) C B{0,p^^). Using cutoff functions, we can restrict the definition of Fj to 
B{xj,po) and sum all these functions to obtain a mapping 

^0 :=J2xpo{x-Xj)Fj{x) 

j 

where Xpo is equal to 1 in B{0,po/2) and equal to outside B{0,po). 

It is an easy task to evaluated the mean curvature of the graph of F = s G + Fq. This is the 

contain of the following 

Lemma 3 Assume that v € (2 — n, 0) and that jj € (1 — n, 2 — n). There exists a constant c > 
such that 

\\AF+div{Q3{VF)) ||o,a,.-2,^-2 < C (^£Vi"'""" + SUp||$,||2,«Pr') 

Proof : In order to evaluate the mean curvature of the graph of F, it suffices to evaluate 
Ai^+div (QsiVF)). We use the fact that AF = away from each B{xj,po) and also in B{xj, ^)\ 
B{xj,pt) while AF and all its derivatives are bounded by a constant times ||^j||2,a in each 
Blxj,po)\B{xj,^). Hence 

||Ai?'||2,a,..-2,;^-2 < C p^''^ SUp ||2,c« 

3 
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In order to estimate the norm of div [Q^^V F)) we first observe that the mean curvature of the 
graph of the function Fq : a; ^ e ^ a; is hence div {QsiVF)) = div {QsiVF)) - div ((33(VFo)). 
We can thus evaluate 

||div(g3(VF)) ||2,a,.-2,^-2 < C (^E^pi-'"-"^ + SUp 1 1 || 2,a ' 

This ends the proof of the Lemma. □ 

The graph of = e G + Fo over the horizontal plane Hq can also be viewed as a normal graph 
over the submanifold which is the graph ofx— + — x_2_)e Aq a;, where X-2- is equal to 

PO PO 

in -6(0, ^) and equal to outside -8(0, ^). By construction, this submanifold Ho is equal to Hq 



_2 

PC 

that the vertical graph oi F = eG + Fq over Hq is a normal graph of some mapping F over Hq 



in i?(0, ^) and is equal to the graph of the mapping Fq away from -8(0, ^). Hence we can say 



Now we want to perturb this normal graph in order to obtain a minimal submanifold. The 
equation we have to solve now reads 

A(F + F)+eL(F + F)+div(Q3(V(F + F))) = in R" \ UjB(a;j-, p,) 

F = on dB{xj,p^:). 

Where L is a second order linear differential operator which takes into account the fact that Hq 
has some region where it is not planar. The coefficients of L are bounded independently of L and 
can be assumed to be supported in -8(0, j-) \ -8(0, j-). 

Making use of Proposition we can rewrite this equation as 

F=-gp, (^AF + e L{F + F)+ div (^Qsi^iF + F))^^ . 
For the sake of simplicity, let us call Ai {F) this operator which is defined on the space 



C2;"(R" \ U,B(a;„ pO;K") e (1 + Ixp) 



which is naturally endowed with the product norm, with values into Cf,'"2^^-2(M"'\^jB{xj , p^);R''). 
The existence of a fixed point for this operator is the content of the following 

Proposition 14 Let u £ (2 — n, 0), /i G (1 — n, 2 — n) and k > be fixed. There exists cq > and 
Eo > such that for all e G (0,eo) and for all $j e C^'"(S'""^ M") which satisfy \\^j\\2,a < pi, 

WG hdVG 

\\Mm, < ^(e3pi-3"-+p2-" sup||$,||2,o) 

and 

\\M{F2) ^ M{Fi)\\£ <^\\F2-Fi\\£ 

for allFi,F2 € fp. such that \\F,\\£ < cq (e^ pj-^"^'' + p^"" sup^- W^jh^a)- 
In particular M. has a unique fixed point in this ball. 

Proof : The estimate for M{Q) follows from the result of Lemma || . The other estimate is left 
to the reader. □ 
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20 Minimal n-submanifolds close to the graph of Green's 
function, parameterized by their boundaries 

Again, we give a summary of what we have obtained in the last sections. Assume that xi, . . . ,xn & 
M", ai, . . . , QfAT e K, A G M„(R) and Ui,... ,Un e 0{n) are fixed. Given k > 0, > 0, there 
exists Eo > such that for all e for all £ G (0,eo) and all $j e C^'"(S'"~-^; M") which is 

orthogonal to TZj 6 in the sense and which satisfies 

ll^jlh.a < Kple, 

we have obtained a minimal n-submanifold which is C^'^ close to the n-plane 

X — > X + ie Aqx. 

and which, up to some translation, can be parameterized, in some neighborhood of each of its 
boundary as the graph of 

{r, 0) TZj, ( s r^-" + — ( jj.jaj - A,„ ) r 6 + Jj, + J + 

where we have set 

and where Jj^ is the unique harmonic extension of the boundary data $j outside -Bp, which tends 
to at oo and where Jjg satisfies 

\\Jjo{P*,-)h,c. + \\p*drJjo{p*,)\\l,a < CSpl+C^epl-''-'. 




•e 



and 

\\J^oip*r)\\2,a + \\p*drJ^^{p*,)\\l,a < CS p*. 

In addition Jjjj(r, •) is orthogonal to © in the sense on S"~^ while Jjo(r, •) is coUinear to G. 
Observe, and this is important, that the constants c > do not depend on k while > does. 

Wc denote by Il^{{aj)j, this subnianifold. Though this depends on {'R-j)j, on {xj)j and 

on , we do not write this dependence in the notation. 

For further use it will be convenient to define 

Definition 5 For all $ e C2'"(S'"-i; R"), we define Vexti^) to be equal to drF where F is the 
unique harmonic extension of ^ outside the unit hall o/M", which tends to oo. 



21 Gluing procedure 

Assume that xi,. . . ,xn G M", Aq G M„(M) and TZi, . . . ,TZn & 0{n) are fixed in such a way that 
(HI), (H2) and (H3) hold. By assumption, we can choose (a*, . . . a^) e such that 

j 

We set 

= »i 

Finally we fix > small enough and n > large enoiigh. By the previous analysis there exists 
£o > such that, for ah e G (0,£o) and for ah aj, /3j G [i,^], for aU $j,l>j G C2'"(5"-i; M") 
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which are orthogonal to 6 in the Li^ sense on 5" ^, we can define Tl^^(ji.).^i^x.).^p^{{aj)j, 
this submanifold. This submanifold is, near each of its boundaries, the graph of 



{r, 9) Uj, e r'-^e + — ^ 7ioi i^^j - a*) r 6 + + J + 

J=FJ0 



where we have set 



and where Jj^ is the unique harmonic extension of the boundary data $j outside Bp^ which tends 
to at 00 and where both J and satisfies 

||J,o(p*,-)||2,a + ||p*9,J,,(p*, < cepl + c^epl-'^-r (33) 

and 

\\Jj„{p*,-)h,a + \\P*drJj^,{p*,)\\l,a < CSp^. (34) 

In addition Jj^^{r, •) is orthogonal to O in the sense on S*"^^ while Jjaij"' ') is coUinear to O. 

We can also define a minimal n-submanifold Hgji.[(3j,<^j) which, once translated by the 
vector Xj will be denoted by Hg{f3j,^j). Its boundary is parameterized by 

{r,9) — >e/3r^-"Q + Fj+Fj, 

where Fj depends smoothly on f3j and <i>j and satisfies 

||^(P*, Ollc^-CS-i) + Hp* drF{p,, •)||ci-(sn-i) < c« (eVi"'" + e p. (e"^ P*)^"^) , (35) 
and where Fj is the harmonic extension of $j in Bp^ . . 



Our aim will now be to find $ j , $ j , aj and /3j in such a way that 
Me := n,((a,),-, ($,),) U,^=i ffe(A',$,'), 

is a hypersurface. 

Writing that the boundary of these submanifolds coincide yields the following system of equa- 
tions 

= (Poi=;-J/)(p*,-) 

^ %o - «.o) pi-"0 + — E ^ooo K - «;) p* = (a - ^o) - j,)(p*, •) ^^^^ 

where the first equation corresponds to the projection over the space of functions orthogonal to 9 
in the L"^ sense on 5""^ and where the second equation corresponds to the orthogonal projection 
over the space of functions spanned by 6. 

Writing that the conormals at the boundaries coincides yields the following system of equations 

Vext^j-Vint^j = p,{PodrFj-drJj-){p*,-) 

(1 - n) e {I3j„ - a^o) Pi~" + — E ^loi (o^j - "j) P* © = p* ((/ - Po) drFj - drJj){p*, •) 

(37) 

where the first equation corresponds to the projection over the space of functions orthogonal to 6 
in the sense on 5""^^ and where the second equation corresponds to the orthogonal projection 
over the space of functions spanned by O. 

We will now use the well known result 
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Lemma 4 The mapping Vext — Vint "is an isomorphism from C^'°'{S" R") into C"'^^"(5" -'^;R"). 

Proof : Observe that both Vint and Vext are self-adjoint first order pseudodifferential operator 
which are eUiptic, with principal symbols |^| and — 1^|, respectively, hence the difference is also 
elliptic and semibounded. This means that Vext — Vint has discrete spectrum, and thus we 
need only prove that it is injective. The invertibility in Holder spaces then follows by standard 
regularity theory. 

To prove this, we argue by contradiction. Assume that Vext ~ Vint is not injective. Then, 
there would exist some function $ g C^'"(5"~^; M") for which {Vext - Vint)^ = 0. We may 
extend the Dirichlet data $ to a harmonic mapping F on the Bi and also on \Bi. In addition 
F tends to at cx). Since [Vext — Vint) ^ — 0, F is and hence is C°° and tends to at oo. 
Thus F = 0. This completes the proof of the injectivity of Vext ~ Vint- ^ 

We set 

endowed with the product norm. Using this result, the previous system of equations (^6|) and 
I ^T\ ) reduces to 

(($,)„ (e {a, - a*)),, {e - p*)),) - C (($,),, ($,)„ {e {a, ~ a*)),, (e (/3, - /3*)),) , 

where the nonlinear mapping C satisfies 

l|C (eaj),, (e/3j)j) ||^ < cp, e 

for some constant which does not depend on k, provided e is chosen small enough, say e S (0, Eq). 
This last claim is a simple consequence of (|3^)-(|35|). 

We denote by the ball of radius k e in JF". It follows from our previous analysis that, 
for fixed k > large enough, the mapping C is well defined in B" provided the parameter e is 
small enough. 

This zero of C produces a C^'" minimal n-submanifold M^. It is then a simple exercise to see, 
thanks to regularity theory, that Mg is in fact a C°° minimal hypersurface with iV + 1 ends. 

To conclude, we want to use Schauder's fixed point Theorem which will ensure the existence 
of at least one fixed point of C in B". However, since C is not compact it is not possible to 
apply directly Schauder's Theorem. This is the reason why we introduce a family of smoothing 
operators D*, for all g > 1, which satisfy for fixed < a' < a < 1 

||D''<I)||c.V(5"-i) < CO ||$||c.,=(S"-i) ||D«$||c2,=(s„_.) < CO g"-"' ||$||cW(5.-i), 

and 

11$ - D''<i>||c.,„'(5„-i) < CO g"'-" ||$||c-=(5"-i). (38) 

for some constant co > which does not depend on q > 1. The existence of such smoothing 
operators is available in Proposition 1.6, page 97. To keep the notation short, we use the 
same notation for the smoothing operator defined on J^°' and acting on all function spaces. 

Now we fix K > large enough. For all q > 1, we may apply Schauder's fixed point Theorem 
to D'' C to obtain the existence of Pq fixed point of C in B", provided e is chosen small 
enough, say e £ (0,eo]- 

Since Pq has norm bounded uniformly in q, we may extract a sequence qj +oo such that 
Pqj converges in J-"' for some fixed a' < a. Thanks to the continuity of C (with respect to 
the C^'" and C^'" topology) and also to (|3^), the limit of this sequence is a fixed point of the 
mapping C and hence, produces a zero of C, for all e e (0,eo]- This completes our proof of the 
Theorem. 
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